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Abstract

In this paper we introduce some basic differentadels for the description of blood

flow. The focus of the work is on modeling bloo@dwl in medium-to-large systemic

arteries. We study the flow of an incompressibkzous Newtonian fluid through a tube
with compliant walls. The tube is assumed to baiglit, long, with circular cross-

sections of variable radius. Elastic propertieghef tube wall are described by a linear
membrane shell equations.

The Navier-Stokes equations for an incompressiideous fluid are used to model the
flow. Applying asymptotic techniques, we derive et sf useful equation that used to
obtain the final model of the pressure and by udBsgsel's function velocity. We

comment on their mathematical properties, theirmrmgdulness and accurate numerical
simulations.

1. INTRODUCTION

Research in blood flow has a direct impact on aumproved understanding and
management of human health. In a general sensed blessels are hollow utensils for
carrying blood. There are three varieties of blgedsels: arteries, veins and capillaries.
The network of blood vessels allows the transpbilood to all living cells in the body.
Their structure enables the exchange of blood masnd dissolved molecules between
the blood and surrounding arteries [4].The bloawvfis a complex phenomenon. We
simulate blood flow in compliant arteries. In meditio large vessels such as the human
arteries, blood can be modeled as an incompreshiblgtonian fluid [3]. The vessel
walls we consider to be thin, behaving as a pesstad linearly elastic membrane shell
[2].

We are interested in a time-dependent flow thrathghaxially symmetric sections of the
vascular system. Newtonian fluid through a line@ibstic tube with aspect ratio

&=R/L (R=radiusL = length of the tube). The coupling between tohelfitself and the
boundary is described by requiring the continuityeocity and the continuity of contact
forces applied by the fluid and by the membraneWHere the forces is coming from the
stresses induced by the fluid, and it is in twarfsy one is the radial component of the
force F;, and the longitudinal component of the fofee here we assume that the lateral
wall of the cylinder allows only to the radial dispement, hence the longitudinal
displacement is negligible.

This presentation is organized as follows. In s&cf, we construct the basic equations of
the problem. In Section 3, we present the desoripaf rescaled problem and Asymptotic
expansions I, Il. In section 4, we describe detdil rewriting the problem using
Asymptotic analysis and Bessel's function for modetiving and then we obtain the
velocity and the pressure of blood in the arterdsch leads to reduced equation of
pressure.



2. Blood Flow M odelling

To describe the flow of blood we use the governgggations which consist of the
Continuity equation and thBlavier-Stokes equations

Ou=0 or@inuity
p(zttl (u D]])u) = —0p+ 0 du(ou+ (Ou) )+ F Navier - Stokes

where p denotes the blood density,= (ul,uZ,U3) is the velocity vectorF = (F;,F,,Fs) is

the volume force acting on the fluid,denotes the pressure in the luminal charpnés,
the viscosity of blood, for the newtonian fluid teken to be a constant, and
OQu(Ou+(Ouw")) the viscous term.

The termuioyu is the nonlinear convection term, and in our casewill consider the
fluid of high viscosity, so the problem is domirdteith the viscosity term, and so we
can consider the convection term negligible.
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Figurel. The Wall Displacement of théehies in Human Body
2.1. Problem Presentation

We study the flow of an incompressible, viscous Mewan fluid through a cylinder
(Figurel) with compliant walls. In the referencatstthe cylinder i& > 0 units long, and
2r > 0 units wide. The aspect ratio=r/L > 0 is assumed to be small, and for each
introduceQ. to be

Q. ={xD R% x = (rcosé,rsing,z),r <eR+n°(z,t),0<8<2m0<z< L}. (2.1)

We study a time dependent flow driven by the tirepehdent inlet and outlet boundary
data. The compliant cylinder and its boundary de®as a result of the fluid-structure
interaction between the fluid occupying the doreid the cylinder's boundary. Assume
that the lateral wall of the cylindgrt) ={r =R+, (zt)} x(O,L), iS elastic [6] and allows
only radial displacement. Its motion, described.agrangian coordinates, is modeled by
the Navier equation for a linearly elastic curvednibrane. The radial contact force is
given by
_h(e)E(e)
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where
F. : is the radial component of external forces, h = h(¢) : is the membrane thickness
n® :is theradial displacement from the reference statg,is the wall volumetric mass
k =k(¢) : is the Timoshenko shear correction factor,G = G(¢) : is the shear modulus
E = E(¢) : is the Young's modulusm, 0< o< 05: is the Poisson ratio

and puh(e) @mﬂ is the inertia term that is proportional to thdighacceleration of the vessel

wall, he)cEke) &y is related to the radial pre-stress state of #ssel, an e is the
Z =0 Er
elastic- response function.

Assumptions:

(a) The young’s modulug(e), the wall thickness(e), and the shear modul@e)k(s)
satisfy the following

h(¢)E(e) > & (3B)
lim h(&)E() _ Eg O (0,+) (2.4)
-0 3
lim eh(£)G(£)k(£) = Go 0 [0+c0) (2.5)

(b) The starting point of the problem the cylinderiiedl with a fluid at equilibrium
state, this yields to have an initial presseye 0,and initial velocityu® = 0at
t=0.

(c) At the equilibrium state onlyT,, T, components of the stress tensor [5]
corresponding to the curved membraneare not zero, wherg, = kG and T, =
eRAP, is the difference between the reference pressuréhe tube and the
surrounding tissue.

(d) For simplicity assumaR=0=Tg=0

Assume zero angular velocity, in cylindrical cooaties Eulerian formulation of the
problem read as:

our  9°uf azuf+16uf ur,  op°

22 04 - in Qe xR 2.6
at M ar’>  9z> roor r2) ar (2:6)
ouf °uf  9%°uf 1du;. op° .
- U(——+—+= + =0 In Q:xR+ 2.7
P ot H ar® 9z r ar) 0z (2.7)
our +aUz +U7r:0 in QxR (28)
or 0z r

The coupling between the fluid and structure isaot@d through the kinematic condition
requiring continuity of the velocity evaluated k¢ tdeformed interfacg.(t)

ur = on xR (2.9)
ot

Uz‘g =0 Z:xR. . (210)

Equation (2.10) is coming from the continuity ofoag the longitudinal displacemesit
and since we assumg’ =0 thenZ- =0.



We set the radial forck in equation (2.2) equal to the radial displacenoamponent of
the stress exerted by the fluid to the membrane

~F =(p°l - 24D(U°))& & = pf —2";' on 5. xR. (2.11)
DW= 0 “ 0
2 z ) 0 %

wherep®) is the summarized gradient of the velocity gitagn
D(U®) =%(Du€ +(OUE)T). (2.12)

Physically, it is reasonable to consider the seriacstable at the starting point, the initial
velocity is zero

n = agt =0on . x{0} - (2.13)
The boundary data of the system is given by

uf =0 and p° =0 on (Q: n{z=0})x (2.14)

uf =0 and p° = A(t) on (3Q: n{z= })XR+ (2.15)

n® =0 for z=0,L OtOR.. (2.16)

3. Rescaled Problem and Asymptotic Expansion

In this section we will present the problem in itéscaled form, using a non-dimensional
approach.

3.1. Problem in Rescaled Form

To obtain the reduced equation as a rescaled prokle write the equation in non-
dimensional form, this should have to be done oteoto deal with problem as an easy
mathematical model, and this will be done by inticitbn a new variables. Introduce the
non-dimensional independent variables & and t =<t , hence

Q: -

u® - u(e)

U =Ur& +Uz& — u(&) =u(e) & +u(e):&:.

Substitute the new values in Navier-Stoke equa(ih6), equation (2.7) and equation
(2.8) to get the following:
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K ouE)r (1azu(5)r Lo0%u(e): | 1 19u(e) _1u(e),J+1a PE) oy (3.1)
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2 ot £ 9r? 0 z> gir or E T 3
ﬂw—y iazu(g)z + 0°u(e) +i}6u(€)z + 9 p(e) =0 3.2)
g? ot g or? 0z> &'r 0r 0z

1au(e): +au(£)z +}U(5)r -0 . (3.3)
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According to the new values in Navier-Stoke equa{i®.6), equation (2.7) and equation
(2.8) to get the following:

_h@©)EE)| oas”  n’
1-0° (ER 2z 52R2J+h(5)G(5)k(5)

62,75 (“:2 62,76
- poh(&)— . (34)
9z’ peh( ),u2 at?

F =

In the sense of the continuity equations and tkerdh boundary conditions we get the

following
2 £
u(e)r _£0n on 2:xR. (3.5)
U ot
uE)=0 on Z:xRs (3.6)
~F = ple) - 2u~ ME 5y 5.xR (3.7)
g Or
whereD; (v(g)) = %(Du(£)+ (Du(s))T)-i-e- if ¢g=¢& +p.&,
HE 0 3
D:(¢) = 0 £ 0
3G+ 0 e
The initial conditions read:
(3.8)

. _0n°
= =0 on Z:x{0}L
3t {0}

The boundary data:

u(e)r =0 and p(g) =0 on (0Q n{z=0}) xR,
u(e)r =0 and p(e) = Alt) on (0Qn{z=L}) xR,
n®=0 for z=0, n°=0 forz=L and OtOR..

3.2. Asymptotic Expansions

Since now we have uniform estimates @, ,u(e)., p(e),n°), which are valid for their
time derivatives as well, here we call this veg&tofx ® = (u(e). ,u(e)., p(€),7°) )-
We can define the correct asymptotic expansionsfor

3.2.1. Asymptotic Expansioris

u(E)(zr,t) :E—ZZ‘Eiui (z,r,1) (3.9)
p(€)(z, r,t)z £ p;‘ (z,r,1) (3.10)
né(zt) = E_Z: £'n'(zt) (3.11)
3.2.2. Asymptotic Expansiar
(3.12)

>e'u(zr,t)

3
u&) (zr,t) =£
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u(e)z(zr,t) = zg us(zr,t) (3.13)
p(e)(z,r,1) —Zg p'(zr,t) (3.14)
ne(z,t) = gz(sjfyi (z,1) (3.15)

i20
4. Rewriting the Problem Using Asymptotic Expansions

After rewriting the problem in non-dimensional foby introduction the non-dimensional
independent variables andt and usingexpansions |, |l to be the new values of the

definite velocity functionsi (&) andu, &) and the pressure functigfe) in the Navier-
Stokes equation [2].

4.1. Reduced Problem Using Expansion |

By using asymptotic expansion |

u(e)(zr,t) :g—;Z£‘u‘(z,r,t) (4.1)

i20

pe)zr, ) =Y &'p'(zr.t). (4.2)

i=0
Add this in the above equations we get

ul g (ou’ | our aur £ aur o2 0°u?
£ p— +te—+¢ - +
g2 ot ot U ar?
2.0 2 1 0 2
zli 0°Ur aUr+€26 Ur + _}li our +gaUr +826Ur +
0z° 0z° 9z roul or or ar
1
+iiﬁ(u?+eurl+eu3+m]])] - LY/ S et
2 ar or d

r°- u r
From collect the power af[1] it is noticed thab, is independent af.

ou? o1 ?_o:»}i(rur) 0. (4.3)
o r ror

Substituteu,’ = 0, this yields als&" is independent af. Sinceu,” = 0, this givem%“ =0.
To simplify the model we introduce 8f= P°+ eP* andu, = u,'+ eu,?, we get

ot (o> roar r ar  or
with the same notation &fand u,=u+ eu,! we can simplify equations

2
auz_[a uz+1auz]+ap=0_ (4.5)

2 2 3
our _[6 Ur +16Ur _lzur]_'_apq.apzo (44)

ot ar® ror 0z



From adding equations one can get a—(rur) +— (ruz) 0. (4.6)

Now we can summarize the first expansion as: finditandP that satisfy the following
equation

u: _ 0%,  10u., 9p _

- p +ep’
3 ot (052 r or )+ 0z where , = ur +‘gur2 4.7)
—(rur) + (ruz) 0 Uz = US + &us.

or

In this way, the same method as in expansion & ter will use expansion Il which is as
same as the result of expansion |. And then wenaghtain equation (4.7). Let now
n=n°+en* and insert equation (3.12), equation (3.13) anehton (3.14) into equation
(2.2) and equation (3.7) to obtain:

Fimm e @ ven' + nEIGEK(Ee (7" 4o+

4

—pwh(e)—ea (7° +en + )

Fo==(p" +p +Dm)1+2u:[(eur+s u +Emm]

By using the assumptions, equation (2.4) and equg#.5) ag — 0 with the notations
p=p’+ep‘and 5=, +en* we get

Eo 62
:7 +19 £ (48)
P Rz(l—az) a a7 I,
By consideringl = 1,R = 4.0x10° L = 1.0x10%, E, = 14.410" and o = 5.0x10", we have

_B =12x10
R’ (l-0?)

Mathematical Graph for ( L,T,P) The PressureP(z tiwhenG0=80
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5. Conclusion

All over the world researcher continue to contréoub the fluid of Computational
Biomechanics, which has been gaining increasedesit®ver the last few decades. We
have performed simulations of blood flow. Howevsimulation results can never be
more accurate than the applied input data from pagients. With this approach we
examine the common geometric variations of the huaréeries. We will interest main
equation with non-negligible shear moduf@s and different functions by using matlab
simulation.
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