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ABSTRACT: The Voronoi cells and the notion of natural néigfs are used to develop the
finite difference method. The Laplace (non-Sibsopiaterpolant is based on the Voronoi
diagram (VD) which partitions space into closetqpoegions.

In this work, Voronoi diagram is constructed fimst the set of nodes and set of points. Then
finite difference operator (method) is constructedVoronoi diagram which is called Voronoi
Cell Finite Difference Method (VCFDM). We providea formulation of VCFDM for diffusion
equation for general case. We show that VCFDM & shme as classical finite difference
method on uniform grid. We prove for 1D (one dimen} 2D and 3D.

1. INTRODUCTION

One of the most universal and effective methodsyide use today, for approximately solving
equations of mathematics is the finite differencgthnd (FDM). In this paper, mainly we study
the finite difference method on Voronoi diagram erhis called Voronoi Cell Finite Difference
Method (VCFDM).

The interpolation scheme used in Voronoi Cell Eimifference Method (VCFDM) is known as
natural neighbor (n-n) interpolation. Natural ndigh interpolation relies on concepts such as
Voronoi diagrams and Delaunay tessellations in agatpnal geometry, to construct the
interpolant.

We assume the discrete model of a b6éH{] R* consists of a set of distinct nodésand a
polygonal description of the boundad@. In this method, the trial and test functions are
constructed using natural neighbor interpolantse Bibson and the Laplace (non-Sibsonian)
interpolants which are based on natural neighbidiese interpolants are based on the Voronoi

tessellation of the nodal s&t. The Voronoi tessellation is a unique geometriacttire that
partitions the domain into disjoint nodal regions the basis of shortest Euclidean distances.

The interpolants are smooth everywhere, exceteahddes where they a@’. In this work, a
brief description of Voronoi diagrams and Delauntagngles are first given. The Voronoi
diagram and its geometric dual, the Delaunay tréatgpn, are well-known geometric
constructs in computational geometry. Then, segonah extensive discussion on natural
neighbor interpolants that are used in this metisopresented. A detailed description of the
construction, properties, and computational prooedw evaluate natural neighbor shape
functions are outlined.

In this paper, we focus this method on (with) thegpllace interpolant. On regular grids, the
discrete Laplacian is shown to reduce to the dasdinite difference scheme. Finally, a
summary of some of the observations in this woekmesented, with some concluding remarks.



2. NATURAL NEIGHBOR-BASED INTERPOLANTS

Our approach dependavily on using Voronoi diagram. We begin with efinition and its
features. We present here a brief description obWoi diagram and Delaunay triangles in the
context of natural neighbor interpolation. FiguresHows that Voronoi diagram as a sample
Voronoi diagram.

Figuré sample Voronoi diagram
2.1. Voronoi Diagram (VD) and Delaunay Triangulation (DT)

The Voronoi cell for each node is formed by theeiséction of perpendicular half-spaces,
whereas its dual, the Delaunay tessellation, issttoated by connecting nodes that have a
common (d-1) dimensional Voronoi facet.

The Voronoi diagranV (N) of the setN is a subdivision of the domain into regiovién,)
such that any point iN'(n,) is closer to node, than to any other node, N (J #1). The
Voronoi diagram in essence partitions space intosedt-point regions. The region
V(n,) (Voronoi cell) for a noden on the real line(R) is defined as
V(n,) ={x0OR:d(x,x ) <d(xx,),00 #J}. The regionV (n,) (Voronoi cell) for a noden,
within the convex hull is a convex polygon RF:V(n, ):{x OR*:d(x, %) <d(xx,) OJ# |}
where d (X, ,x;) is the Euclidean distance betwe&n and x; (Sukumar,2003). Also the
regionV (n,) (Voronoi cell) for a noden, within the convex hull is a convex polyhedron in
R®: V(n)={xOR®:d(x,x,) <d(xx,) OJ1}.
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Figure 2.Voronoi Diagram containing Figure 3.Delaunay Triangles DT (six nodes)
seven nodes and Delaunay Circumcircles

The VD is closely related to another structure Wwhig the Delaunay triangulation (DT). The
Delaunay triangulation is the dual structure of Yeronoi diagram. An important property of
the Delaunay triangulation is the empty circumeirctiterion. The circumcircle is defined as
the circle, that passes through all three vertafess Delaunay triangle. This means that there is



no node inside the circumcircle of any Delaunagngie. The center of this circumcircle is the
point of intersection of the three Voronoi edgeslohging to the nodes of this triangle. Two
nodes in a Delaunay triangulation are called nangeghbors, if and only if there is a triangle
edge, which connects both nodes.

2.2. Delaunay Tessellation

The Delaunay tessellationithin the selN is a partition of the convex huld of all the nodes
into regionsQ; such thatQ =0Q,, where eaclf, is the tetrahedron defined by four nodes of

the same Voronoi sphere.

The Delaunay tessellation of a set of nodes is uroque. For the same node distribution,
different tetrahedrations are possible. Therefangartition based on the Delaunay tessellation is
sensitive to geometric perturbations of the nodsitpms. On the other hand, its dual, the
Voronoi diagram, is unique. Thus, it makes moresedn define a partition based on the unique
Voronoi diagram than on Delaunay tessellations.

2.3. Natural Neighbor Inter polants

There are two basic types of interpolants. TheySaoson interpolant and Laplace interpolant.

6g

Figure 5. Sibson interpolant Figure 6. Laplace interpolant

The Sibson interpolant is based on Voronoi diagazwh is defined by the ratio of area measures

A (%)

in 2D. In mathematical form, Sibson shape functmmodel is defined asg (x) = A
X

A(X) = ZAJ (x), where A(x) is the area of the first-order Voronoi cell @fand A (x) is the
J=1
area of overlap between the first-order Voronolscef pand nodel. Sibson shape functions

are non-negative, interpolate nodal data, form witjgen of unity, and satisfy the local co-
ordinate property (linear precisionmsg(x)sl,qq(x):cSu,Zﬂ(x):l in Q, J,, is the
1=1

Cronecker delta with the conditions if=J, its value is one and zero otherwise
(Sukumar,1998). Natural neighbor shape functioss ahtisfy the local co-ordinate property,

n
namely x = Zﬂ (x) x, and hence the Sibson interpolant can exactly repteany linear field,
=1
which is known as linear completeness in the fialeament literature.
The Laplace interpolant is a natural neighbor-baséstpolation scheme that is based on the
underlying Voronoi diagram and Delaunay triangalati For a selN consisting ofn nodes

with locations{x }",, the natural neighbors of a poimtwithin the convex hull ofN are

n
i=17



defined through the Delaunay circumcircles. In 2y Laplace shape function for notes
defined as

p0=-20 4 =3% ynge 1)
ZaJ (X) hJ (X)

wherea, (x) is the Laplace weight functiors, (x) is the length of the Voronoi edge associated
with p and nodel, andh, (x) is the Euclidean distance betwepnand nodel.

Figur@. Support of natural neighbor-based shape function

In 2D, the Laplace shape function involves ratidesfgth measures whereas the Sibson shape
function is based on the ratio of areas. The Lapkitape functions are also strictly positive,
interpolate nodal data and also form a partitiorunity. The domain of support (region in
whichg, >0) of the Laplace shape functign is the union of Delaunay circumcircles about
node.

The distinction of the Sibson and the Laplace shapetions is notable in two key areas:
smoothness and symmetry. The Sibson shape furnistimontinuous at everywhere whereas the
Laplace shape function is continuous at nodal ionatas well as on the boundary of the
support. The Laplace weight function is symme(c'rg =a, ) but the Sibson weight is not

(Sukumar, 2003).

3. FINITE DIFFERENCE OPERATORS ON VORONOI DIAGRAM (VCFDM)

We will study the construction of finite differenoperator (method) on Voronoi diagram which
is called Voronoi Cell Finite Difference Method (*OM). There are several types of finite
difference operators. In this work, we emphasizeonly two types which are Voronoi Cell
Discrete Diffusion Operator (VCDDO) and Voronoi CRlscrete Laplace Operator (VCDLO).
3.1 Voronoi Cell Discrete Diffusion Operator (VCDDO)

In this study, we define a discrete diffusion operén 2D as follows:

(Lhu)| :Ali{i/(uauu;l _{ikuau jul:| (2

Siy Y

— 14 :Zau

13 J=1

. 18 13
with AI :Zzsuhu :Zzauh|23’alJ =
J=1 J=1

wherea, , is the Laplace weight functioh, is the discrete diffusion operatdr, denotes a
measure of the nodal spacirgy, is the length of the Voronoi edge associated witdesl



and J (see Figure 6) and,, is the diffusive coefficient. Above these two atjons can be
derived from the steady-state diffusion equatidath ®irichlet boundary conditions:

- Lu(x) = -0.(«(X)0u(x))= f(x) in QO R? (3a)
u(x) = g(x) on 0Q (3b)

where is the gradient operatof) is an open set in 2D, arf) is the boundary of2. The
discrete form in Equation (3) is written as

- Lu(x)="1(x), I =12,...,N(x, 0 Q) (4a)
u(x,) =g(x), x 00Q (4b)
where N is the number of the nodes in the domain.

3.2 Voronoi Cell Discrete Laplace Operator (VCDLO)

We also define a Voronoi Cell Discrete Laplace @pat. by,

)= 1 ]ZA[ ]"('YY) ‘f<(|x) (5)

for X OS,,where A[X,Y] is the length of the common edgeRfX,S,) and P(Y,S, ), and
V(X) is the area of the Voronoi polyg@Borgers, 1987).

Figure 8.Voronoi diagrandeDelaunay Triangulation.

The operator in Equation (5% the stiffness matrix obtained with piecewiseedn finite
elements on the Delaunay triangulatidn.is not pointwise consistent with the VCDLO

(Borgers, 1987). In VCDDO(L,u), is equivalent tqL¢)(X) in VCDLO if we takex,, = 1.

4. VORONOI CELL FINITE DIFFERENCE OPERATOR ON USUAL GRIDS

In this section, we will consider VCFDM on usualdg:; in particular VCDLO, to show that
VCFDM on usual grids is the classical FDM. We widrive this in 1-D, 2-D and 3-D.



41VCDLOIn1-D

We consider the finite difference approximation fine Laplacian((Lu) =u,) on a one-
dimensional non-uniform grid.

(h +h,)
2
-1 1 I+
X -1 I 1+1

b | h 1

1

Figure 9. Voronoi cell for a non-uniform Figure 10. Uniform-Grid in 1-D
grid in one-dimension

The discrete Laplacian is computed at nodehose natural neighbors are-1 and| +1. In
this cased, in Equation (2) can be considered as a lengtthefcelll,. The Voronoi cell of

h +h,
2

nodel is shown in Figure 9, the length of the celllis whereh, = x, —x,_,and

h, = x,,, — X, are the grid spacings. Using Equation (2), therdie Laplaciar(« =1) for node
| can be written as

(L,u), :%{Zzlauuj —a.ul} ) =2,y (6)

| J=1

Here, we assums,; =1 and which becomes,

_2 [1 1 (1.1) ] 2 B
(Lhu)| = h+h, {hlUH’Lthul (m’Lm]Uu}—M[thH*hﬁm (hl+h2)u|]. ()

Equation (7)s classical-central finite difference approximatia 1-D on non-uniform grids.

As a counter example, if we take = % andh, = % then we get

(L,u) :176[&, —3u, +u,.,,]. Similarly, we can take other different grid spasn
| 27AX2 -1 | 1+1

We now consider the finite difference operator aifarm gird. Leth, = h, =h as shown in
Figure 10. Then we can obviously see that the iclalssentral finite difference approximation

. 1
IS (Lhu)| :F[ul—l tU _2u| ]
42VCDLOIin2-D

We consider the finite difference approximation fiwe Laplaciar((Lu)=u,) on a two
dimensional non-uniform grid.
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Figure 11. Non-Uniform Grid in 2-D Figure 12. Uniform Grid in 2-D

Let us consider the grid spacings =X , =X ;5 =X ,,-X,, K=Y ;=Y 4,
K, =¥, — Y5 In 2D, the discrete Laplacian operator for n¢tigl) can be written as

(Lhu)l,J :|l|:zz:auuu _a|u|3:|+|l|:zz:auuu _aJuIJ:|' (8)

J=1 =1
. k, +k
In this case|, = 5 z,

a,; =k,,I =12 Then we have

(L) =2 iu +iu - i+iu 2 1u +iu - i+iu
h IYJ_h1+h2 h1 1,J-1 h2 1,J+1 h1 h2 1, k +k k 1+1,J k2 1+1,J kl k2 1,

and hence becomes,

(L), , = hlhz(hl"'hz)[hz | Ty, J+1]

hhy(h+h)  kk,(k +k,)

kk (k1 k [kul -1,J k1I+].J]_|: (hl+hZ) + (k1+k2) }ZU.,J- (9)

Here, we take an example as in previous case. takeh, = % h, :%, = %

k, = % then we get

16 8 8 16
(Lyu), 5 :W(ZUI,J—I +u|,J+1)+3‘Ty2(3ul—lJ +u|+lJ)_(W+3‘Ty2]2uI,J . Then we get

classical-central finite difference approximati@n 2D on uniform-grid,
(Lu) | = ! [ + + + —4 ] 10
hu 1,d _F Upgor TU g FU Ly T UL, U, | ( )

43VCDLOIn3-D

Let us consider the grid spacings,
hl =Xiok "Xk h = Xiak T Xk k1 =Yiaok " Yigaks kz Yok Yok PLTZ 5k~

Z k1 P2 =2 54— Z - In 3-D, the discrete Laplacian operator for nddé,K) can be
written as

1 2 1 2 1 2
(Lhu)I,J,K =I_|:zaIJKuIJK _aIuIJK:|+I_|:ZaIJK _aJuIJK:|+|_|:ZaIJKuIJK —a Uk } (11)
J=1 J k

1=1 k=1

In this case], = bt 5 P , 05 = P,,K =12 and hence, we get
2 2
(Lhu)I,J,K :m[ 291 +1,3, K hluI—LJ,K]-l_m[kzul,Jﬂ,K +kluI,J—LK]
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(h1+h2) + (k1+k2) + (p1+p2) :|3u|J,K (12)

u + u -
[Patssc t Pt ] {hlhz(hmz) Kk, (K +K5) P, (P + P)

A

(1 +1x hl0+13K)

N P K (1LI11K) h (I, h (O =T
G,J‘]ﬁ “,\],P (, +lKZ

L (1-13K /(r JK-)

X X
Figure 13. Non-Uniform Grid in 3-D Figure 14. Uniform Grid in 3-D

1-L3k| 13K

In this case, the grid spacings are shown in FigBi4following the same idea as in previous

cases, we can prove the classical-central finitieer@ince approximation for 3-D on uniform

grid, which is
=2 ]
(Lhu)I,J,K _F uI—l,J,K +u|+2LJ,K +uI,J—1,K +uI,J+:LK +uI,J,K—1 +uI,J,K+l _6uI,J,K " (13)

5. CONCLUSION

The interpolants used to construct the trial astl fienctions are known as natural neighbor (n-
n) interpolants. These interpolants are based erDihichlet or Voronoi tessellation of a set
(N) of distinct nodes in the plane. The Voronoi tesdilh is a unique and geometrically
fundamental construct that defines a set of nodespints. We can also see that VCDDO
constructed on Voronoi diagram convert to VCDLGxjf, =1. DLO can be reduced to classical

central finite difference in 1D as well as 2D arfd. 3/CDLO considered on classical central
finite difference operator with four nodes on unifogrids in 2D can be obviously observed that
it is equivalent to VCDDO if we choose at leastrfandes and similarly in 3D.
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